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Abstract
By fast Lyapunov indicator (FLI), we study the chaotic dynamics of closed string around charged
black brane with hyperscaling violation (HV). The Hawking temperature, Lifshitz dynamical ex-
ponent and HV exponent together affect the chaotic dynamics of this system. The temperature
plays the role that driving the closed string to escape to infinity. There is a threshold value z∗ = 2,
below which the string is captured by the black brane no matter where the string is placed at the
beginning. However, when z > 2, the string escapes to infinity if it is placed near the black brane
at the beginning, but if the initial position of string is far away from the black brane, it oscillates
around the black brane till eternity, which is a quasi-periodic motion. HV exponent plays the role
driving the string falling into the black brane. With the increase of HV exponent θ, the falling
velocity becomes faster. We find that the chaotic system does’t essentially changes when we heat
the system with large HV exponent which indicates that the HV exponent plays a very important
role in determining the state of the chaotic system. Also we study the the effect form the wind
number of the string. The study indicates that the chaotic dynamics of the string is insensitive to
the wind number.
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I. INTRODUCTION
The chaotic dynamics around black hole is one of the central attention in physics. It
exhibits many interesting phenomena and some important insight both at the astrophysical
and the quantum level. The simplest dynamics is the point particle one, which is integrable in
the generic Kerr-Newman background [1]. In some complicated multi black hole geometries
such as the Majumdar-Papapetrou geometry [2, 3], the motion of the point particle becomes
chaotic [4, 5]. And then, lots of chaotic phenomena have also been discovered for the
motions of charged particles in a magnetic field interacting with gravitational waves [6], or
particles near a black hole in a Melvin magnetic universe [7], or in a perturbed Schwarzschild
spacetime [8–10], or in the accelerating and rotating black holes spacetime [11].
Different from the motion of a point particle, the motion of a string due to its extended
nature, the dynamics exhibits a more complex behavior. Even on these radially symmetric
spacetimes, the motion of the string is also chaotic [12]. One of the motivations to study
string dynamics arises form the AdS/CFT (Anti-de Sitter/Conformal Field theory) corre-
spondence [13–16]. In [17], the authors discover the chaotic behavior of the closed string
around AdS-Schwarzschild (AdS-SS) black hole by studying the power spectrum, the largest
Lyapunov exponent, Poincare sections and basins of attractions. And then, they propose
that the operators being described by the closed string are generalizations of the Gubser-
Klebanov-Polyakov [18] operators and in particular, a positive largest Lyapunov exponent
on the gravity side corresponds to the appropriate bound for the time scale of Poincare
recurrences on the gauge theory side.
Along this direction, the chaotic dynamics of the string have also been studied in more
general geometries in [19–23]. In the dynamical system of string around neutral Gauss-
Bonnet (GB) black hole, a critical value of GB parameter are found, below which the
behavior of the system is no-chaotic and above which it gradually becomes chaotic. It is
different from the case in the AdS-SS black hole, which is weakly chaotic [17]. The dynamics
of string around neutral Lifshitz black hole has also been explored in [20] and they find that
with the increase of the Lifshitz dynamical exponent, the dynamical system becomes more
chaotic. Further, the authors in [21, 23] also study the chaotic behavior of the string around
charged black hole. They find that the temperature plays a crucial role in the generator
of chaos. With the increase of the temperature, the string system becomes more chaotic
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[21, 23].
In this paper, we shall study the chaotic dynamics of the string around charged AdS black
brane with hyperscaling violation (HV). The HV spacetime is characterized by the Lifshitz
dynamical critical exponent z and HV exponent θ [24]. Such scaling properties have been
observed at criticality in many condensed matter system. Lots of holographic systems with
HV have also been constructed, see for example [25–28]. In the HV theories, the entropy
scales as T (d−θ)/z. In contrast the theories with gravity dual having the standard AdS
metric, for which the entropy scales as T d, we conclude that the HV results in an effective
dimension dθ = d − θ. For a specific value d − θ = 1, the entanglement entropy springs
up a logarithmic violation [29, 30], and results in an infrared metric which holographically
describes a compressible state with hidden Fermi surfaces [26]. Further, many properties of
the holographic dual system with HV, including the transports, (non-)Fermi behavior, etc.,
have been widely explored, see for example, [31, 32].
Our work is organized as what follows. In Section II, we present a brief introduction on
the charged HV black brane. In Section III, we derive the equations of motion of string in
phase space. And then, we investigate the properties of the string dynamics by numerically
working out chaos indicators. Finally in Section V we present our conclusions and some
remarks on the future investigation.
II. CHARGED BLACK BRANES WITH HYPERSCALING VIOLATION
Our starting point is the following Einstein-Maxwell-Dilaton action in 4 dimensional
spacetimes [33]
S = − 1
16piG
∫
dd+2x
√−g
[
R− 1
2
(∂ψ)2 + V0e
ηψ − 1
4
(
eλ1ψF 2 + eλ2ψF2
)]
. (1)
The action contains two U(1) gauge fields: A with field strength Fµν and A with Fµν . They
both couple to a dilaton field ψ. The gauge field A plays the role of an auxiliary field, which
is necessary to generate an asymptotic Lifshitz geometry. While the gauge field A is the
exact Maxwell field, which supports a charged black brane solution. λ1, λ2, η and V0 are
free parameters of the theory to be determined.
A charged black brane solution with hyperscaling violation from the above action can be
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given by [33]
ds2 = r−θ
[
−r2zf(r)dt2 + dr
2
r2f(r)
+ r2(dx2 + dy2)
]
, (2)
f(r) = 1− M
rz+2−θ
+
Q2
r2(z+1−θ)
, (3)
At = µr
−(z−θ)
h
(
1−
(rh
r
)z−θ)
, (4)
At = −/µr2+z−θh
(
1−
( r
rh
)2+z−θ)
. (5)
rh is the radius of horizon satisfying f(rh) = 0. M and Q are the mass and charge of the
black brane, respectively. There is a relation between them
r
2(z−θ+1)
h −Mrz−θh +Q2 = 0 , (6)
which is given by f(rh) = 0. µ and /µ are defined as
µ = Q
√
2(2− θ)
z − θ , (7)
/µ =
√
2(z − 1)
2 + z − θ . (8)
In the holographic framework, µ denotes the chemical potential in the boundary field theory.
All the parameters of the theory depend on the Lifshitz scaling exponent z and HV exponents
θ and they can be written as
λ1 =
√
2(z − 1− θ/2)
2− θ ,
λ2 = − 2(2− θ/2)√
2(2− θ)(z − θ/2− 1) ,
η =
θ√
2(2− θ)(z − 1− θ/2) ,
V0 = (z − θ + 1)(z − θ + 2) . (9)
The Hawking temperature of the black brane is
Tˆ =
(2 + z − θ)rzh
4pi
[
1− (z − θ)Q
2
2 + z − θ r
2(θ−z−1)
h
]
. (10)
This black brane solution has the following scaling symmetry:
r → rhr , t→ t
rzh
, (x, y)→ 1
rh
(x, y) , T → T
rzh
,
Q→ r(z−θ+1)h Q , At → rhAt , At → rθ−z−2h At , (11)
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under which, we can set rh = 1. Now, we can reexpress the redshif factor, the gauge fields
and the Hawking temperature as
f(r) = 1− 1 +Q
2
rz+2−θ
+
Q2
r2(z+1−θ)
, (12)
At = µ
[
1−
(1
r
)z−θ]
, (13)
At = −/µ
(
1− r2+z−θ
)
, (14)
Tˆ =
(2 + z − θ)
4pi
[
1− (z − θ)Q
2
2 + z − θ
]
. (15)
For given model parameters z and θ, this black brane is specified by one scaling-invariant
parameter Tˆ /µ, for which we abbreviate it to T .
Before proceeding, it is important to fix the allowed region of z and θ. First, the black
brane solution (2), (3), (4) and (5) are valid only for z ≥ 1 and θ ≥ 0. The geometry with
z = 1 and θ = 0 reduces to the AdS one. Second, to have a well-defined chemical potential
in the dual field theory, the requirement z − θ ≥ 0 shall be imposed. Third, the null energy
condition impose that (− θ
2
+ 1)(− θ
2
+ z− 1) ≥ 0 [34]. Combining the condition θ < 2, which
results from Eq. (7), we have θ ≤ 2(z − 1). Based on the above analysis, the allowed range
of the model parameters is given by 0 ≤ θ ≤ 2(z − 1) for 1 ≤ z < 2 ,0 ≤ θ < 2 for z ≥ 2 . (16)
III. CLOSED STRING AROUND CHARGED HV BLACK BRANES
A closed string can be described by the following Polyakov action,
L = − 1
2piβ
√−ggµνGab∂µXa∂νXb, (17)
where β is the coupling, which relates the string length ls by l
2
s = β. X
a is the coordinates
of the target space with the metric Gab. We parameterize the worldsheet of the string by
the coordinates σµ = (τ, σ). gµν is the induce metric on the worldsheet. We can work
in the conformal gauge gµν = ηµν . But at this moment, the Virasoro constraints must be
supplemented,
Gab
(
∂τX
a∂τX
b + ∂σX
a∂σX
b
)
= 0 , Gab∂τX
a∂σX
b = 0 . (18)
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The first constraint is just the Hamiltonian constraint H = 0. For closed string, 0 ≤ σ ≤ 2pi.
In this paper, we only focus on the dynamics of the closed string in charged black branes
with HV in 4 dimension. It is convenient to study the dynamics of the closed string in polar
coordinates, in which the horizon manifold is wrote as
d~x22 = dρ
2 + ρ2dφ2 . (19)
We consider the following consistent ansatz:
t = t(τ), r = r(τ), ρ = ρ(τ), φ = ασ . (20)
α is wind number, which describes the differences between strings and particles. The inte-
grability and chaos of strings with the above form have been well studied in [12, 17, 19, 21,
23, 35–37]. In this setup, we can explicitly write the Polyakov Lagrangian as
L = − r
−θ
2piβ
[
r2zf(r)t˙(τ)2 − r˙(τ)
2
r2f(r)
+ r2
(−ρ˙(τ)2 + ρ2α2)] , (21)
where the dot denotes the derivative with respect τ (the same hereinafter) and we will
represent the derivative with respect to r by using prime in what follows. Using the canonical
momentum transform, we can give the Hamiltonian as
H =
piβ
2
rθ
[
r2f(r)p2r −
1
r2zf(r)
p2t +
p2ρ
r2
]
+
1
2piβ
r2−θα2ρ2 . (22)
The Hamiltonian satisfies the constraint H = 0, which is just the first equation in Eq.18.
pt, pr and pρ are the canonical momentums, which are
pt = −r
2z−θf(r)t˙(τ)
piβ
, pr = −r
−(2+θ)r˙(τ)
piβf(r)
, pρ =
r2−θρ˙(τ)
piβ
. (23)
They construct the canonical phase space {t, pt}, {r, pr} and {ρ, pρ}. Then, using the Poisson
6
bracket, we derive the canonical equations of motion, which are
t˙ := {t,H} = −pir
θ−2zβ
f(r)
pt , (24)
p˙t := {pt, H} = 0 , (25)
r˙ := {r,H} = piβf(r)r2+θpr , (26)
p˙r := {pr, H} ,
=
r1−θα2(θ − 2)
2piβ
ρ2 −
(
pirθ−2z−1β(2z − θ)
2f(r)
+
pirθ−2zβf ′(r)
2f(r)2
)
p2t −
1
2
pirθ−3β(θ − 2)p2ρ
−r
1+θ
2
piβ ((2 + θ)f(r) + rf ′(r)) p2r , (27)
ρ˙ := {ρ,H} = piβrθ−2pρ , (28)
p˙ρ := {pρ, H} = −r
2−θα2
piβ
ρ . (29)
From Eq.(25), we have a constant of motion pt = E, which relates to the energy.
IV. CHAOTIC DYNAMICS OF STRING IN HV CHARGED BLACK BRANE
A. Introduction of numerical method
A reliable numerical technique is very essential to solve the EOMs of a closed string. In
this subsection, we firstly present a brief introduction on the numerical method we adopted
in what follows.
Over the past few decades, a set of new numerical techniques have been developed to
solve ordinary differential equations, such as manifold corrections and symplectic algorithms.
The application of symplectic algorithm is limited because it requires the Hamiltonian can
be separated into two individual parts. Besides, for high-order symplectic algorithms, the
canonical difference scheme should be given beforehand. Based on this, we only focus on
the manifold correction method in this paper.
In general, the classical forth-order Runge-Kutta algorithm(RK4) is used to solve the
Hamiltonian Eq.(22). But abundant numerical tests indicate that the error of ∆H acquired
from RK4 is nearly the linear growth with time, that is, the integrated coordinates and
momentums have deviated the original hyper-surface. In order to pull the deviated hyper-
surface back, one of the rigorous manifold correction methods called the velocity scaling
method [38] is adopted. The accuracy of the solution for this method reported in the
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references [19, 39, 40] is well because it puts the deviated hypersurface back with a least-
squares shortest path. In this paper, the Hamiltonian of the system could be treated as a
conserved quantity because it is subjected to the constraint H = 0. We assume that there
is a relation between the numerical solutions pr and pρ from RK4 and the corrected values
p∗r and p
∗
ρ as what follow
p∗r = γpr, p
∗
ρ = γpρ , (30)
where γ is a dimensionless parameter. Substituting Eq.(30) into Eq.(22), the form of γ is
γ =
√√√√√[2
(
H− r2−θα2ρ2
2piβ
)
piβrθ
+ E
2
r2zf(r)
]
r2f(r)p2r +
p2ρ
r2
. (31)
After this treatment, the error of the Hamiltonian can be controlled well. The error is almost
kept in double precision of the machine 10−16 at every integration step. Thus, it provides
sufficient accuracy in computations.
The evolution of the chaotic system is sensitive to its initial conditions. Based on this
remarkable characteristic, a great number of chaos indicators have been developed. They are
bifurcations [41, 42], fractal basin boundaries [43], Poincare´ sections [44], Lyapunov exponent
(LE) [45–48], fast Lyapunov indicator (FLI) [48–51], relative finite-time Lyapunov indicator
(RLI) [52, 53], smaller alignment index (SALI) [54–58], and generalized alignment index
(GALI) method [59, 60], etc. About these chaos indicators, each of them has its advantages
and disadvantages. The method of bifurcation is easy to find a period doubling, quadrupling,
etc., and the onset of chaos. The method of fractal basin boundaries is unsuitable for the
prediction of instability (or chaos) of orbits in compact binaries systems [61]. Poincare´
sections method is appropriate for not more than four-dimensional systems. In general, LE,
FLI, RLI, SALI, and GALI are useful indicators in conservative systems. They have been
widely used in n-body problems, cosmology and general relativity models [62]. Especially,
LE is also effective in dissipative system, but FLI, RLI, SALI, and GALI are not [62]. LE
estimates order or chaos by means of measuring the separation of two nearby orbits. Using
the variational method or the two-particle method, the value of LE is easy to be obtained. It
should be noted that only the invariant LE with independent coordinate is applicable for the
Mixmaster cosmology and the conservative second Post-Newtonian Lagrangian dynamics of
spinning compact binaries [61]. RLI is faster than LE, and it is suitable for symplectic
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mappings or continuous Hamiltonian systems. LE and RLI, they need only one deviation
vector with respect to the reference orbit. However, two deviation vectors are required for
SALI. GALI, as an improved version of SALI, it is faster and reveals much more useful
information than SALI on the local dynamics. Compared with LE, RLI, SALI, and GALI,
FLI is the fastest because it does not need to compute a limit value. What’s more, FLI
does not have to use the variation equation. Considering the calculation of the variational
equations is complicated in this paper, we only pay attention to FLI.
As a variant of the maximum LE, and without the renormalization and the average versus
time, FLI is quicker and easier to use. The form is [49] ,
FLI(t) = log10
‖d(t)‖
‖d(0)‖ . (32)
Where d(0) and d(t) represent the distances at the starting point and time t, d(0) is about
10−9. It is obviously to see that FLI curves of the bounded orbit display different behaviors
for chaotic and regular motion, an exponential rate of divergence of two nearby trajectories
represents the orbit is chaotic, while a polynomial divergence reveals the orbit is regular.
B. Chaotic dynamics
In this section, we shall numerically study the chaotic dynamics of closed string.
1. The role of the temperature
To clearly study what role the temperature plays, we set α = 0, z = 1 and θ = 0 in
this section. When z = 1 and θ = 0, the HV black brane reduces to the RN black brane,
around which the chaotic dynamics has been studied in [21]. In [21], they study the phase
space (r, pr) and the time evolution of the string. Also, they study the chaotic indicators,
including fractal basin boundaries and LLE. But here, for self-consistency of our paper and
clarifying some problems, we also exhibits the dynamics of closed string around RN-AdS
black brane.
To gain a visual picture of dynamics of closed string, we firstly exhibit the time evolution
of r(τ) and the dynamics of string in the phase space (r, pr). Without loss of generality, we
shall set E = 5, ρ = 0.01 and pρ = 0 in our paper.
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FIG. 1: The time evolution of r(τ) (left panels) and the phase space (r, pr) (right panels) with
different initial conditions (the panels above are r0 = 10 and that below are r0 = 500) at T = 0.
Here, we have set α = 1, θ = 0, z = 1, E = 5, β = 1/pi, ρ = 0.01 and pρ = 0.
FIG.1 shows the time evolution of r(τ) and the dynamics of closed string in the phase
space (r, pr) at T = 0. We find that when the initial position of closed string is close to
the black brane (the plots above in FIG.1), the string rapidly falls toward the black brane
and is captured by the black brane finally. When we place the closed string far away from
the black brane, the string firstly oscillates and after oscillating finite times, it also falls into
the black brane. As the initial position of closed string increases, the string oscillating time
becomes longer. When r0 = 500, the oscillating time has climbed up to 10
4 (the left below
in FIG.1). Therefore, we conclude that at zero temperature, regardless of the initial position
the final destination of the string is falling into the black brane.
Now, we heat the system. We firstly discuss the case of large initial position of the closed
string (r0 = 500). The panels above in FIG.2 show the dynamical evolution of closed string
for T = 0.5. We see that the closed string oscillates at the beginning and then escapes
to infinity slowly, which is different from that at T = 0. As the temperature T further is
increased, the escape velocity of the closed string becomes faster (see the panels below in
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FIG. 2: The time evolution of r(τ) (left panels) and the phase space (r, pr) (right panels) with
r0 = 500 for different temperatures (the panels above are T = 0.5 and that below are T = 0.9).
Here, we have set α = 1, θ = 0, z = 1, E = 5, β = 1/pi, ρ = 0.01 and pρ = 0.
FIG.2, in which the temperature is T = 0.9). Further, we find that even when the closed
string is at the position being close to the black brane (here, we take r0 = 10), the string also
escapes to infinity rapidly as the temperature is further increased (see the FIG.3). Therefore,
we conclude that the temperature plays the role that driving the closed string to escape to
infinity. In particular, as the temperature increases, the escape velocity becomes faster.
Although the phase curve (r, pr) and the time evolution of r(τ) can provide a visual
picture of dynamics of closed string, this method is complicated and cumbersome in the
numerics. In order to get a better perspective of the closed string dynamics, we can explore
the dynamics of the closed string by adopting some of chaos indicators. In this paper, we
study the chaotic dynamics by using FLIswhich is a high-efficient method in dealing with
the complicated calculation of the variational equations.
FIG.4 depicts the FLIs for r0 = 500 (left plot) and r0 = 10 (right plot) with different
temperatures T . When the string is placed far away from the black brane, we find that the
curves of FLIs are almost the same at the initial phase of the evolution. It implies that the
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FIG. 3: The time evolution of r(τ) (left panels) and the phase space (r, pr) (right panels) with
r0 = 10 for different temperatures (the panels above are T = 0.5 and that below are T = 0.9).
Here, we have set α = 1, θ = 0, z = 1, E = 5, β = 1/pi, ρ = 0.01 and pρ = 0.
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FIG. 4: FLIs for r0 = 500 (left plot) and r0 = 10 (right plot) with different temperatures T . Here,
α = 1, z = 1, θ = 0.
ring string has a finite number of oscillations around the black hole. However, in the later
stage of the evolution, FLIs exhibits very different behavior for different temperatures. For
T = 0, the curve is parallel with the vertical coordinate, which indicates that the closed
string has been captured by the black brane. For T = 0.5 and T = 0.9, both the two curves
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FIG. 5: FLIs for r0 = 500 (left plot) and r0 = 10 (right plot) with different z. Here, we set α = 1
and T = 0.
have an exponential growth with time, which means that the closed string escapes to infinity
in those two cases. Especially, the deviation of the FLIs curves from the vertical coordinate
becomes more significant for T = 0.9 than T = 0.5. It again confirms that when we heat the
system, the escaping velocity of the closed string becomes faster. Also, we plot the FLIs for
r0 = 10 (right plot in FIG.4), which also clearly exhibits the two behaviors of closed string:
escaping to infinity or being captured by the black brane depending on the temperature of
the black brane. Note that before escaping to infinity or being captured by the black brane,
the string undergoes a longtime oscillation for r0 = 500 but not for r0 = 10. On the contrary,
the escaping or falling velocity is rapid for r0 = 10. These observations are consistent with
that in the time evolution and the phase space. But we would like to point out that FLIs
provide a more convenient and straightforward than the methods of the time evolution and
the phase space and we shall adopt FLIs to find more valuable consequences of this system.
2. The effect from Lifshitz dynamical exponent
In this subsection, we mainly study the effect from the Lifshitz dynamical exponent. So
we fix α = 1 and θ = 0.
Firstly, we study the case of the extremal black brane, i.e., T = 0. The left plot in FIG.5
shows FLIs with sample Lifshitz dynamical exponent z for r0 = 500 at zero temperature. We
find that the closed string is captured by the black brane after a finite number of oscillations
for z = 1 and z = 1.5, but oscillates around the black brane till eternity for z = 3, which
indicates that the motion is quasi-periodic. Further, we change Lifshitz dynamical exponent
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FIG. 6: FLIs with different z (left plots for z = 1.5 and right plots for z = 3) and T for r0 = 500
(plots above) and r0 = 10 (plots below) with different z.
z from 1 to 5 with the same step ∆z = 0.1 to observe the FLIs and we find that there is a
threshold value z∗ = 2, under which the string is captured by the black brane after a finite
number of oscillations and beyond which it oscillates around the black brane till eternity.
When the initial position of the string is close to the black brane (r0 = 10 here), we find that
no matter what z changes, the quasi-periodic motion does not appear. The string either is
captured (z < 2) or escapes to infinity (z > 2) (see the right plot in FIG.5).
Now we heat the system with Lifshitz dynamical exponent. We firstly discuss the case
of the initial position of string being large (r0 = 500). At zero temperature the string is
captured by the black brane after a finite number of oscillations for z < 2. However, as
the temperature is increased, the string begins to escape to infinity after a finite number
of oscillations (see the above left plot in FIG.6, in which z = 1.5). While for z = 3, the
case is different. Even we heat the system, the string oscillates around the black brane till
eternity as what happen at zero temperature (see the above plot in FIG.6). Therefore, for
large Lifshitz dynamical exponent z, the motion of string is quasi-periodic even if we heat
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FIG. 7: FLIs for r0 = 500 (left plots) and r0 = 10 (right plots) with different z and θ at T = 0.
the system.
Subsequently, we turn to discuss the case of the initial position of string is close to the
black brane (r0 = 10). We find that for small Lifshitz dynamical exponent z (z = 1.5 we
study here), the string rapidly escapes to infinity when we heat the system (see bottom
left plot in FIG.6). It is different to what happen at zero temperature, at which the string
rapidly falls into the black brane. For large Lifshitz dynamical exponent z, as mentioned
above, the string rapidly escapes to infinity at zero temperature. Here we find that even if
we heat the system, the string also rapidly escapes to infinity (see the below right plot in
FIG.6).
3. The effect from HV exponent
In this subsection, we turn to explore the effect of HV exponent on the chaotic dynamics.
We first study the case of z < 2. For the initial position of the string locating far away from
the black brane, with the increase of θ, the oscillating time before the string being captured
becomes shorter (see the above left plot in FIG.7). Especially, we find that for z = 1.8 the
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FIG. 8: FLIs with different z, θ and T for r0 = 500 and r0 = 10.
string rapidly falls into black brane without any oscillating and the oscillating time is very
short once the HV exponent θ is beyond the value of θ = 0.1. When the initial position of
the string is near the black brane, the string falls into the black brane for all allowed θ (see
the above right plot in FIG.7). With the increase of θ, the falling velocity becomes faster.
Then we focus the case of z > 2. When the initial position of the string locates far away
from the black brane, with the increase of θ, the string changes from the state of oscillating
at the last stage to the state of captured by the black brane (see the left below plot in
FIG.7). When the initial position of the string is near the black brane, with the increase of
θ, the string falls into the black brane. Note that for θ = 0, the string escapes to infinity.
At the same time, the falling velocity becomes faster as HV exponent θ becomes large. In
short, the HV exponent speeds up the falling of the string toward the black brane.
Further, we also heat the system with HV. We find that the HV exponent plays a very
important role in determining the state of the chaotic system. From FIG.8, we see that the
chaotic system does’t essentially changes when we heat the system.
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FIG. 9: FLIs with different α for r0 = 500 (left plot) and r0 = 10 (right plot). Here, we set z = 1,
T = 0.
4. The effect of wind number
In this subsection, we briefly discuss the effect of wind number α. FIG.9 shows FLIs with
different α. When the initial position of string is far away from the black brane (r0 = 500
here), we find that for α > 1, the string first undergoes a long time oscillation and then
falls into the black brane (left plot in FIG.9). While for α = 0, for which the closed string
reduces to the particle, the object don’t undergo the oscillation but directly falls into the
black brane (left plot in FIG.9). When the initial position of string is close to the black
brane (r0 = 10), the object falls into the black brane for all α. As by-product, we can
see that when the object is free falling, the oscillating stage maybe the property of string
motion. It deserves future pursuit.
Therefore, we conclude that the chaotic dynamics of the string seems to be insensitive to
the wind number. To confirm this viewpoint, we also show the FLIs of sting with different
Lifshitz dynamical exponent z (FIG.10) and different temperature T (FIG.11). Note that
we fix α = 2. We see that the results are not significant difference from the case of α = 1
(see FIG.4 for different temperature T and FIG.5 for different z at zero temperature).
V. CONCLUSIONS AND DISCUSSIONS
In this paper, we study the chaotic dynamics of closed string around charged HV black
brane. The Hawking temperature, Lifshitz dynamical exponent and HV exponent together
affect the chaotic dynamics of this system. The properties of chaotic dynamics are summa-
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FIG. 10: FLIs for r0 = 500 and r0 = 10 with different z. Here, α = 2, T = 0.
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FIG. 11: FLIs with wind number of closed string α = 2 for different temperatures T . Left plot is
for r0 = 500 and right plot is forr0 = 10. Here, we set z = 1.
rized as what follows.
• Extremal black brane
– For zero HV exponent, i.e., θ = 0, there is a threshold value z∗ = 2, below
which the string is captured by the black brane no matter where the string is
placed. However, when z > 2, the string escapes to infinity if it is placed near
the black brane at the beginning, but if the initial position of string is far away
from the black brane, it oscillates around the black brane till eternity, which is a
quasi-periodic motion.
– HV exponent plays the role driving the string falling into the black brane. With
the increase of θ, the falling velocity becomes faster.
• The chaotic dynamics of the string is insensitive to the wind number.
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• When we heat the system, the string tends to escape to infinity. But there is an
exception for z > 2 that when the string is placed far away from the black brane, the
string oscillates till eternity even if we heat the system.
• The HV exponent plays a very important role in determining the state of the chaotic
system. The chaotic system does’t essentially changes when we heat the system with
large HV exponent.
There are many questions deserving further exploration in future.
• An immediate and important issue is the dual interpretation of the closed string. In
[63], Susskind proposes that the momentum of the particle falling toward the black
hole in the bulk corresponds to the operator growth in the chaotic quantum systems.
We can follow this idea to explore the dual interpretation of the closed string.
• Further, we can also study the chaotic dynamics of closed string in the black brane
background, which is dual to the momentum dissipation system, for example, the sys-
tems dual to Q-lattice geometry [65] or the Einstein-Maxwell-axions theory [64] or the
massive gravity [66]. These generalized explorations surely give further understanding
on the role the momentum dissipation plays in the dual system. Also such studies
maybe provide some clues to the interpretation of the closed string in the dual system.
• We can also extend this study to the particles, for example the test scalar particle [67]
or the fermions.
• It is interesting to study the relation among the chaos bound proposed in [68], the
black hole horizon and the string motion following [69–71].
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